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1. Introduction

Porous materials have demonstrated excellent potential for use as high strength, low-weight structural materials; as
superior noise and energy absorption materials; and in high-temperature applications [1]. Due to these properties,
research attention devoted to theoretical [2-9,11,13,15-17,52] and computational [10,12,14,18-29] formulations for
predicting and controlling their material and acoustic properties have received considerable attention in the past several
decades. However, little research attention has been paid to synthetically-derived acoustic composite structures, especially
those derived from layering of periodic porous media.

In this work, techniques from the studies of wave propagation in periodic elastic media (see the pioneering work of
Floquet [30] and Bloch [31]) and of acoustic wave propagation in layered media with arbitrary succession of fluid, elastic,
and porous layers (see the early work of Thompson [32] (corrected by Haskell [33])) are applied to analyze the dispersion
behavior of multi-periodic acoustic composite structures. In general, the dispersion curves exhibit (a) stop-band (or band-
gap) ranges, in which waves are not allowed to propagate through the structures, and (b) pass-band ones, in which waves
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are permitted. Reviewing the existing literature, there is a tremendous amount of work done on developing analytical and
numerical approaches for predicting and control wave propagations in periodic media made of photonic, sonic, and
phononic crystals (see, e.g., Refs. [34-36] for a review). Several studies are also conducted on wave propagation in a
periodically layered composite structures made of different material properties [37-45]. However, since most of the
established approaches explicitly assume no or prescribed attenuation, the reviewed methods are not suitable for
determining and tailoring the wave propagation characteristics of arbitrary acoustic composite structures, which have
frequency-dependent dissipation properties due to viscothermal effects arising at the pore walls.

The main objective of this paper is to then present a consistent and general approach for predicting wave propagation
behavior in the fluid-filled spaces of multi-periodic acoustic composite structures. These structures will be composed of N
repetitions of a single n-layered mesoscopic unit cell containing porous acoustic materials at the microscopic level (see
Fig. 1). To do this, we begin our presentation in Section 2 by briefly reviewing a frequency-domain mathematical and
numerical procedures suitable for estimating the effective wave number (k(e’f}) and impedance (Z(e" ) characteristics of the ith
layer in the Kth mesoscopic unit cell, termed the multi-scale asymptotic method (MAM) [4-8,10-12,14,19,21] and the
hybrid numerical method (HNM) [24,25,27-29]. The MAM is used to derive a frequency-dependent set of partial
differential equations and associated boundary conditions for viscous and thermal responses from knowledge of the micro-
scale physics and geometry in a representative unit fluid cell (UFC). The HNM is an alternative method used to avoid
significant computational burden and convergence issues generated in direct computation at each frequency of interest. In
HNM, one calculates static acoustic parameters for use as input data in explicit expressions for frequency-dependent
effective density (pg?f) and compressibility (x(e%) proposed by Pride et al. [16] and Lafarge [17], respectively, in an
elaboration of the original and important steps made by Johnson et al. [9] for viscous effects, and Allard and Champoux for
thermal effects [13]. A recent and detailed account of the general theory and (HNM) modeling of both functions of
frequency may be found in [52] Part 2, Chapter 6. Subsequently, the effective variables are taken to estimate complex-
valued effective wave number (kg?f) and impedance (Zf%) as the meso-scale parameters to represent acoustic properties of
the ith layer.

In Section 3 the acoustic transfer matrix method (ATMM) is used to study plane wave propagation in the stratified
medium, either finite or infinite. Section 3.1 employs the ATMM in conjunction with the Floquet-Bloch theorem (termed
herein infinite ATMM) to derive the macroscopic dispersion curves of the infinite periodic structure case (N — oo) composed
of an arbitrary n-layered mesoscopic unit cell. To overcome the limitations of the infinite approach (namely, the
requirement of infinite layers), Section 3.2 describes a second analysis approach applicable to finite periodic structures
consisting of N layers, termed herein the finite ATMM. In Section 4, several numerical examples are illustrated. First,
we estimate and then collect static acoustic parameters for five UFC cases represented by three close-packed and two
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Fig. 1. Three spatial scale descriptions and associated applicable methods of (a) the N periodically acoustic composite structure consisting, (b) a single
n-layered mesoscopic unit cell, which are composed of arbitrarily chosen, and (c) porous material properties.
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open-packed sphere arrangements at the micro-scale level. Second, based on the above information, we investigate the
macro-scale dispersion relations for four acoustic composite structures composed of bi-layered mesoscopic unit cells using
the infinite ATMM. We compare the general shapes of the transmission function’s amplitudes and acoustic absorption
curves for four finite N x 2 structures with estimated dispersion relations, where N =1, 3, 5,7, 10 denotes the finite number
of mesoscopic unit cells present, and 2 denotes the two layers in each mesoscopic cell. Finally we explore the close
relationship between acoustic absorption and frequency band structure.

2. Mutli-scale asymptotic and hybrid numerical methods
2.1. Multi-scale asymptotic method

The multi-scale asymptotic method (MAM) [4-8,10-12,14,19,21] is utilized herein to derive the microscopic boundary
value problems whose solutions, once averaged, determine the effective density and compressibility. It assumes the
existence of a distinct scale separation between two types of spatial variations (slow variations described by x and rapid
variations described by y = ¢~'x). Here the small parameter ¢ =1/d < 1 is a scale ratio of the characteristic UFC length I at
the micro-scale level and the characteristic layer length d at the meso-scale level. Using the knowledge of the micro-scale
pore’s physics and geometries, MAM enables one to determine frequency-dependent meso-scale material properties inside

the ith layer: frequency-dependent effective density (pg?f) and compressibility (;(fff’f). These effective properties in-turn yield
@)

the layer’s complex-valued effective wave number (keff) and acoustic impedance (ZL})f).
First, consider the acoustic fluid motion inside the ith layer composed of a rigid porous material. It is described by the

following set of harmonic viscous-thermal governing equations and associated boundary conditions:

o In the viscothermal fluid flow,

p®  p® )

— =T— 4 —— (state equation of a perfect gas), (1)
PO Po TO
poicu® = —VpO + Q4+ V(V - ud) 4 pAud
(@) .
i~ Vg (momentum and mass balance), (2a,b)
Po
PoinCpt® = iwp® + KAT®  (energy balance), (3)
e On the fluid-solid interface,

u?=0 and ©® =0(no-slip and isothermal conditions) (4a,b)

where V and 4 denotes the gradient and Laplacian operators. Here Py, p,, and T, denote the pressure, density, and
temperature of the air at the rest, while u®, p®, and t® denote the fluid velocity, pressure and temperature variations. In
addition, the shear and bulk viscosities, specific heat at constant pressure, and heat conductivity are denoted, respectively,
by u, /, Cp, and K. Following the standard MAM procedure, all solution variables and the differential operators in (1)-(4) are
considered as functions of both their mesoscopic and microscopic variations via power series involving &:

u® =ux, y)+eu' O(x, y)+ 2V (x, )+ - --

PO =pOx, y)+ep’V(x, y) +2p* VX, y) + - -

0 =100, y)+ et O(x, y) + 22O (X, y) + - - - (5)
and
1 2 1
V:V,(Jrgvy, A:Ax+gAxy+8—2Ay (6)

Substituting (5) and (6) into (1)-(4) and retaining the leading terms, the following set of micro-scale partial differential
equations and associated boundary conditions is obtained:
e Momentum equation with no-slip boundaries

Poiou®®—pAyu®® + Vyp!® = —V,po®

v, 00— 0 in (7)

u’® =0 on I'PW&p'® . QV__periodic)
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e Energy equation with isothermal boundaries

; (i 0() _ i yn0d; (i)
PoiCpt®P—K4,71%0 = icp®Vin Qf

200 —0 onI® % . QP periodic) (8)
Here Q¥ denotes the entire cell volume, Q}” denotes the fluid-filled spaces, and I'” denotes the fluid-solid interface.
Knowing the microscopic solutions u®® and 1% of the above micro-scale problems, one obtains the effective density
(psf)f) and compressibility (x‘e’f}) in the ith layer by averaging over the UFC. See our previous work [29] for a complete
discussion.

2.2. Hybrid numerical method

The formulation represented in (7) and (8) can still present difficulties in obtaining a numerical solution due to the need for
full solutions at each frequency and accompanying numerical convergence issues in the three-dimensional case. Recently, an
alternative, analytic-based approach has been introduced [24,25,27-29] (termed herein the HNM). The main advantage of this
approach is the need to solve only three static (zero angular frequency) problems instead of dynamic problems such as (7) and
(8). Namely, following the methodology introduced by Lafarge et al. [18], one can assume, at a given frequency, three
appropriate solution forms of the micro-scale velocity, pressure and temperature distributions as follows:

L% (x,y) = —kV(y, ) - Vip®@(x), p'O(x,y) = —n(y, @) - Vxp®Dx)+p P x) (9a,b)
and
K‘L’O(D(X y)= k’(i)(y <u)iwp°(i’(X) (10)

where k¥ and k'® denote the micro-scale dynamic viscous and thermal permeability functions. Note in arriving at these
expressions (p'®) is decomposed into a mean part (p “)) and a deviatoric part () having zero mean value. Substituting (9)
and (10) into (7) and (8) and addressing the relevance (in a high-frequency limit) between electrical conduction and sound
propagation [12,17,27-29,46] yield the following set of three different static problems to be solved for computing seven
static parameters (see below Egs. (14) and (15)) of the porous acoustic material inside the ith layer:

[ ] viSCOUS: StOkeS equation Wlth nO—S]ip bOundaries
yﬂ(l)—Aykl =1

3 ()
Vy-k(i):O n Qf an

k? =0 onrI® &"and n® : Q¥ periodic)

e Thermal: heat equation with isothermal boundaries

~ Ak =1 in@Q (12)

KO=0 onI® k. Q" periodic)
e Electrical: conduction problem with insulation boundaries

V-E?=0 withE”=-V,¢"+I inQ (13)

E? . n=0 onI® (@ : QP periodic)

Here Ef;;; (o, B=1,2,3) represents the scaled electric field, @® the deviatoric part of the electric potential, and n the unit
outward normal vector from the pore region. In addition, I denotes a 3 x 3 identity matrix composed of three unit vectors
(e) directed along a global coordinate system. In particular, the static parameters can be also reduced from tensor-based
values to scalars by referring to their own symmetry properties in static regime [47]. These parameters are taken to be the
static viscous and thermal permeability (k0 ,k0 ), the tortuosity factor («{)), the static viscous and thermal tortuosity
(@, "), and the viscous and thermal characteristic lengths (A%, 4'?®), which are simply calculated by the following
standard definitions [9,17]:

V=0 kD =k, kg =P KDy, o= (EVy =01, (14)

and

i _ (k%) W kK02 0 _ f S fQ“'E(UZ de? iy _ f 1) fsz'” de®
o =2 o =""—2_ A . A= (15)
0 ¢ Kk® >2 0 KO >2 ] / ED2 4r® ] fr‘” dr®
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with ¢ = Q(”/Q(') and <o) = [y on‘”/Q}” Here subscripts 0 and oo represent quantities evaluated at w =0 and
the high frequency limit case, respectlvely These then serve as mput data in explicit expressions for the ith
frequency-dependent effective density (peff) and compressibility (/eff) variables proposed by Pride et al. [16] and
Lafarge [17], respectively

iwp(e}}<u°‘i)> =-V,p*» and 1wy“) 00 = _V, . (u®®y (16a,b)
where
o 11
. (1)(C(1)) ’(1)@ (O]
pg?f pood) 1+f. @ and X(glf)f__ y—(y—1) 1+f.T) (17a,b)
il YPo il
with
(i) (D) (i) (i) (t) (i) (¢ (D) (i) (i) /(D) M®
fOC")=1-¢"+q" [ 1+1{ 202 FOC)=1-g"+q"4/1+i{ 2q 2 (18)
A s A s ‘(i)
i) WPokg o) 40) wpoko Pr MO — 8Ky o) ‘) _ 81‘0 (19)
- 'u(/b(i) ’ (]5(1) > _A(i)2¢(i) > _A(l)2¢(i)
and
M® M®

(20)

q“) = V=
(i) (i)

% 4(oy' 1)
4 <a>1>

where f@ and f'@ represent the ith dimensionless viscous and thermal shape functions of each angular frequency ((®, ),
and M® and M'® the corresponding dimensionless viscous and thermal shape factors, respectively, while ¢® and q®
associated dimensionless supplementary parameters. Using the definitions of the two effective parameters (16), one can
derive the acoustic wave equation as follows:

Vi (% vxpo“')) WP yp%0 =0 1)
Pegr
Finally, the effective wave number (k(e"f}) and impedance (Z“)) are defined as,
1|0y
ki = /p sy and Z4 = g gg (22a,b)
E

3. Acoustic transfer matrix formulation

We next employ the acoustic transfer matrix method (ATMM) for studying frequency band structure in multi-periodic
acoustic composite structures. The ATMM is given in an explicit and elegant one-dimensional analytic form. Note that for
layered elastic composite structures, an equivalent method, termed the elastic transfer matrix method (ETMM), was
previously introduced by Esquivel-Sirvent and Cocoletzi in the infinite case [40], Cao and Qi in the finite case [42], and
recently Hussein et al. in both cases [43]. However, unlike the existing ETMM method, the ATMM is especially suitable to
study dissipative wave propagation characteristics in the one-dimensionally periodic, layered acoustic composite
composed of dispersive properties created in rigid porous materials in the infinite (Section 3.1) and finite (Section 3.2)
cases.

3.1. Infinite periodic case

Let us first consider the one-dimensional configuration of the infinite, n-layered mesoscopic unit cell composed of
different porous material properties and thicknesses (Fig. 2). As sketched in Fig. 2, acoustic properties of the ith layer in the
mesoscopic unit cell are explicitly represented by frequency-dependent and complex-valued effective wave number (k"f’f)
and impedance (Z“)) porosity (qﬁ“)) and material thickness (d®), obtained from the previous section (see Section 3.2).

The governing equatlon for harmonic plane wave propagation along the x-axis can be rewritten from (21):

1 dzpm w20l
0 e T P =0 (23)
peﬂ'
Note that here and throughout the rest of the acoustic transfer matrix development, superscript 0 in (23) is omitted for
convenience. Two boundary conditions have to be satisfied at each layer interface: (i) continuity of the pressure p and
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n-layered mesoscopic unit cell
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Fig. 2. Mesoscopic unit cell consisting of n sub-layers. Acoustic property and thickness of the ith layer are denoted by (o), while left and right interface
boundaries of the ith layer are identified by ()”? and (¢)®*1?, respectively.

(ii) continuity of the effective velocity us (equally ¢u). These boundary conditions are similar to the impedance tube
method (ITM) [15,48-50] used to calculate the acoustic absorption coefficient o. Without loss of generality, the solution of
Eq. (23) in the ith layer is assumed as a superposition of forward and backward traveling waves:

pOx) = POe ki 1 pelker™ (24)
Substituting (22) and (24) into (16a), the effective velocity component can be given in terms of P and P®:

p(i) Y PO
(_g 1k'e)x_ﬁe1k(ef'fx (25)
Zeff Zeff

. o L o
u(e})f(x) = qs(l)u(i)(x) _ (/J(”[U(fr)e ikix i U(l)elkeffx] _

For convenience, (24) and (25) can be simply rewritten in the following matrix form as

1 1

P(.D(X) R 1 pl ik e pe-iky -
TN B ) welkix [P pleikix
eff Zeff Zeff PO e ey pieiker

Using the relation x(+ Db =x® 1 d® and the inverse relation from (26), the interface boundary values of the pressure p®
and effective velocity ug?f at x® are linearly related to those at x(@+ b through

. . S0 P T U0 N _ik®
p(l)(X(H—l)b) e*‘k(ef)fd” 0 P(1+)e ik x B D P‘}fe ik
UL%(X(iJr])b) =B eikte?,d(i) P(_i)eik'f‘x/)fxm = B (d”) P(_i)eik‘exf;xm
I pO(xb) . pO(xdb) o7
= B (i) (@) (y(i)b =10 (i) (4(i)b
ueff(x ) ueff(x )
where T, is the 2 x 2 acoustic transfer matrix for the ith layer and is defined as the following form:
e itkerd® n PG ng)f [e—i(k;’j’].d“')_ ei(kgj}.d“')]
; 1
T =B:DANB:T == 1  _ixtgin i 40 i g {10 g 28
(i) (i) ( )[ (1)] 2 T[e 1(keffd )_el(kejfd )] e 1(kcjfd ))+el(k?ffd D) ( )
Zeff

Since the construction of the acoustic transfer matrix T, is valid for any arbitrary layer in a mesoscopic unit cell, one can
obtain the complete acoustic transfer matrix T for the n layered mesoscopic unit cell containing n different porous acoustic
materials (see Fig. 2). Extending the above result (28) in the iteration process, the pressure and effective velocity at the left
boundary (xV?) of the 1th layer are related to those at the right boundary (x®+1?) of the nth layer by

pM™ (x(n+1b) pD(x(Db) -
u@x by (=T yDoann (29)

where
T=T"1" V... TV (30)

Here T will be denoted as the accumulated acoustic transfer matrix with d=d®+d® + ... +d™ at the meso-scale
level.
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Let us now consider the acoustic composite structure composed of an infinite repetition of a single n layered
mesoscopic unit cell. To do this, we may invoke the Floquet-Bloch theorem that relates the harmonic response at a given
point in a unit cell to the corresponding point in an adjacent one, yielding

POx+d) | PO
ug(}(x+d) =€ u® y (%) (31)

where q is the wave number corresponding to the macroscopic wave field across the periodic structure. Substituting (31)
into (29), the following eigen-value problem is given:

[ Dby
[T—Ie—i99) =0 (32)
b =

The solution of (32) appears in complex conjugate pairs and provides dispersion curves for one-directional wave propagation
in the infinite multi-periodic acoustic composite structure characterized by the cumulative acoustic transfer matrix T. Finally,
one can predict the macro-scale frequency band structure (equivalently the widths and locations of the damping stop- and
pass-bands) due to mismatch and multiple layouts of constituent acoustic properties at the meso-scale level.

3.2. Finite periodic case

In the Section 3.1, the ATMM in conjunction with the Floquet-Bloch theorem has been explicited. However, referring
the existing literature, one can easily observe that the procedure is only valid for an infinite periodic case. Therefore,
another analysis approach is clearly needed for the finite N periodic case. A similar derivation for an elastic composite was
previously introduced by Cao and Qi [42] and Hussein et al. [43].

Let us consider a finite acoustic composite structure with periodically N-repeated mesoscopic unit cells, each of unit cell
lengths d and n sub-layers, which consist of different rigid porous acoustic materials at the micro-scale level (Fig. 1). Here
one can calculate the macroscopic length of the structure as Niqyer = dN. First, assume that the structure is immersed in a

material that has the same properties as those of the first layer in the unit cell (equally, I<(N“’”’Jr b k‘e}% and Zg,\’f”y”“’ Zg}f))

Using the above assumption and the previous result (26), a new acoustic transfer matrix T, is redefined as follows:

Py =TyPi, 1), with Pg=[P? PO|T (33)
where
; (Z(l) +Z(z+l))el(k“’ —k D +d) (- Z(l) +Z<z‘+1>)ei(k;‘j}+k§ﬁ*”>(xmb+d“")
T = [TBu Cx ) 1B, 1) Cx VP +dD) = o o
(i+1) (i) u+1) i(KD 4 kD) - ) () | 7i+1) (kK )0 4 d D)
ZZeff (- Zeff Yo ey ey (Zeff of Yo er

(34)

with C(x) = diag[e *er < etk "1. Extending (33) in the iteration process across the structure, the following relationship

is derived:

Py =[T)T2) - TNigyer PNiayer + 1) = TP(Nygyer 1) (35)
with
_ [Ty T
_ _1 1 _1 2 (36)
Tor T

Here P, +1) denotes a vector describing forward and backward traveling wave coefficients in the material that the
structure is immersed in. Second, let us consider two types of boundary conditions to estimate (i) a transmission function
and (ii) an acoustic absorption coefficient for the structure, respectively. The first type of the associated boundary condition
is the absorbing boundary condition [42,43] (or PNwer +1) — 0) where waves are not allowed to reflect-back on the right side
of the structure, which most published finite TMMs are exclusively based on. Applying the absorbing boundary condition
into (35), the frequency-dependent transmission function H(f) is defined:

P(NLayer+1 )e*lk Mayer+1 )Nd

H =

1 o Niager 4+ 1)
e 1kejf Nd

(37)

which represents an amplitude and phase relationships between the incident wave at xX(V? = 0 and the transmitted wave at
xMNwer+1) — Nd. On the other hand, different boundary conditions are chosen to elucidate the relationship of the frequency
band structure to the acoustic absorption behavior in the structure. Here we use an appropriate set of boundary conditions

[15,48-50], which are: (iia) on the region xV? < 0, the structure is in contact with an air of wave number ko and impedance
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()

(b)

Fig. 3. Three-dimensional unit fluid cell geometries for three close- and two open-packed sphere arrangements: (a) SC-based UFC model, (b) BCC-based

UFC model, (c) FCC-based UFC model, (d) opened sphere packing UFC model 1, and (e) open sphere packing UFC model 2.

Table 1
Fluid material properties used in all studies.

Po To Py Y
1.293 kg/m? 300K 10°Pa 1.7210°kg(ms) ! 1.4
Table 2
Statically-estimated parameters for close- and open-packed sphere arrangements considered.
Closed sphere packing Opened sphere packing
Ne BCC FCC 0C1 0c2
¢ 0.476 0.319 0.259 0.668 0.818
ko (x10° kg/m3) 9.754 2.017 0.672 41.52 85.05
k¢ (x108Pa 1) 2.451 0.388 0.268 8.570 16.08
oo 2.063 2.152 2.458 1.682 1.426
oh 1.439 1.353 1.856 1.264 1.199
Ooo 1.397 1.487 1.652 1.317 1.147
A(x1073m) 0.378 0.233 0.159 0.267 0.272
A (x10~3m) 0.624 0.325 0.247 0.363 0.324
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Fig. 4. (a) Real, (b) imaginary parts of the effective wavenumber (k) versus frequency, (c) real and (d) imaginary parts of effective impedance (Zy)
versus frequency (based on the hybrid numerical approach).

Zo and (iib) at the right end side of the boundary, xMae+1Db wayes are allowed to fully reflect back by a rigid impervious
wall (uigclﬂyﬂ)(x(NLayer + 1)b) = 0)

e Boundary condition at x(MP,

AU AU
PO +P® = pP 4 ph . 7@ 1 )
© eff eff T
PO _pO — %(p@_ poy o Po=35| .o o |Po=ToPq (38)
Zy o oo
off off

e Boundary condition at xMier+1b,

(Niayer 1) (Nygyer + Db

ik Mayer £ 1) (Nygyer + Db
eff

P(i]Lﬂyer + 1)e—ikeﬂr — PgVLnyer +Da (39)
or
1 0 _
PNyyer +1) = o 2Kt Ul ayer PiNigyer +1) = TNigger + P Nigyer +1) (40)
. . e . .. =B . .
Associated with boundary conditions (38) and (40), a new acoustic transfer matrix T is derived as follows:
= = = = = ~B
Po) =[To)T1)T@) - TiNiayen) TNiayer + DIPWNigyer + 1) =T Pitpgyer +1) (41)
where
=B =B
=B Tﬂ T12
T=|_5 _; (42)
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Fig. 5. Real and imaginary parts of frequency-dependent wave numbers |q| for infinite-periodic acoustic composite structures (ACS) and equivalent
fictional ones (FACS) with each bi-layer per four mesoscopic unit cells. For convenience, stop bands are shaded: (a) FCC+BCC mesoscopic unit cell, (b)
FCC+SC mesoscopic unit cell, (c) FCC+0OC1 mesoscopic unit cell, and (d) FCC+0C2 mesoscopic unit cell.

Finally, one can calculate the frequency-dependent acoustic absorption coefficient of the acoustic composite structure as
follows:

(43)

4. Numerical results and validations

To implement our numerical formulation, we first calculated static acoustic parameters for five UFC cases, represented
by three closed and two opened sphere packing types of porous materials, using the MAM and HNM processes, and then
estimated each effective wave number and impedance using (22). These effective variables are used as the meso-scale
parameters representing acoustic properties of an arbitrary chosen layer within a mesoscopic unit cell (Section 3). For each
packing type, Fig. 3 depicts the irreducible unit fluid cells consisting of the fluid-fluid interstitial space between packed
spheres.

Similar to our previous work [29], the radius of the sphere is chosen to be 1 mm and we include a solder joint at each
sphere contact point, where the solder radius of the closed packing case is 150 um and that of the opened packing case is
750 um ((d) in Fig. 3) and 850 um ((e) in Fig. 3), respectively. Table 1 provides the coefficients used in the implementation
of our approach.

Using the finite element analysis package, COMSOL® Multiphysics, the numerical solutions of the static acoustic
parameters ((14) and (15)) are calculated from the decoupled set of three static governing equations and associated
boundary conditions on the above representative UFC domain. All parameters are collected in Table 2.

Using the estimated parameters in Table 2 as the input data for Eq. (17), we calculated the effective density and
compressibility variables, and then estimated the effective wave number and impedance in a frequency range of interest
(here, from 10 to 10,000 Hz), as shown in Fig. 4.

We investigated the macro-scale dispersion relations for four acoustic composite structures composed of bi-layered
mesoscopic unit cells using the infinite ATMM. Herein, bi-layered mesoscopic unit cells are defined as two layers of
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Fig. 6. Frequency-dependent transmission function |H| for the finite structure case composed of 1, 3, 5, 7, and 10 FCC+0OC1 mesoscopic unit cells. Stop
band regions for the associated infinite case are described by green boxes each figures: (a) 1 repeated FCC+0OC1 unit cell, (b) 3 repeated FCC+0OC1 unit cell,
(c) 5 repeated FCC+OC1 unit cell, (d) 7 repeated FCC+OC1 unit cell, and (e) 10 repeated FCC+OC1 unit cell.

acoustic properties of FCC model with dV =0.02m and one other layer (SC, BCC, OC1, or OC2 model) with d® =0.1 m.
Fig. 5 provides the frequency band structures in infinite-periodic acoustic composite structures in a frequency range of
10 <f < 6,000 Hz for wave numbers falling in the first Brillouin zone [51], i.e., 0 < g < 7. Real-valued wave numbers are
associated with pass-band modes, while the imaginary-valued ones correspond to stop-band modes. For purposes of
comparison, we also considered fictional acoustic composite structures (FACS) having no imaginary parts of effective
density and compressibility parameters-equally, no attenuation effects.

As can be seen in Fig. 5, the ACS composed of the FCC+OC2 bi-layered mesoscopic unit cell demonstrates the widest
stop-bands as compared to the other bi-layered materials. This is due to the high mismatch between constituent acoustic
properties. Moreover, unlike the distinct resonance appearances in the fictional ACS, one can observe that the introduction
of the real materials’ attenuation effects enhances the anti-resonances due to damping.
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Fig. 7. Comparison of acoustic absorption coefficients from finite ATMM and ITM via frequency.
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Fig. 8. Frequency-dependent acoustic absorption coefficients « for the finite ACSs composed of 1, 3, 5, 7, and 10 four bi-layered mesoscopic unit cells.
Stop band regions for the corresponding infinite ones are shaded: (a) finite ACS with FCC+BCC unit cells, (b) finite ACS with FCC+SC unit cells, (c) finite

ACS with FCC+0OC1 unit cells, and (d) finite ACS with FCC+0C2 unit cells.

To assess the validity of estimated dispersion relations, we choose the validation process used in the ETMM to
investigate the finiteness effects on the frequency band structure [42,43]. Fig. 6 shows the frequency-dependent
transmission function |H| of the finite ACS composed of FCC+OC1 bi-layered mesoscopic unit cell as a function of the

repeated number N=1,3,5,7,10.
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For comparison purposes, we also plot the corresponding finite FACS. As one can see, for the structures composed of 1
and 3 finite-periodic unit cells, the damped frequency band structure does not match well with those of the infinite-
periodic unit cell. However, in finite ACS made of at least 5 repeated unit cells, the general shape of the transmission
function closely agrees with the damped frequency band width and location of the infinite one. This result implies that the
transmission response predictions for a finite composite can be appropriately predicted from the associated infinite one.

We next investigate the relationship between acoustic absorption behavior and frequency band structure in multi-
periodic acoustic composite structures using the finite ATMM. To do so, we calculate the frequency-dependent acoustic
absorption coefficients « for the four cases of the finite ACS composed of four bi-layered mesoscopic unit cells with the
repeated numbers N=1,3,5,7,10. We consider the 3 and 7 repeated FCC+OC1 unit cell cases to demonstrate the validity
of the finite ATTM with (38) and (40) by comparing our numerical results with the traditional absorption curves calculated
from the ITM [15,48-50], as shown in Fig. 7.

As can be seen in Fig. 7, the frequency-dependent acoustic absorption coefficients obtained from both approaches are in
close agreement in the frequency range of interest. Moreover, this result elucidates the close relationship between acoustic
absorption and frequency band structure. To validate and test this link, the acoustic absorption coefficient o, given in Eq.
(43), is estimated for the finite structure with N=1,3,5,7,10 over the same frequency range considered in Fig. 5, and the
results are illustrated in Fig. 8. For convenience, stop band regions for the corresponding infinite cases are also shaded.

As the repeated number N of a unit cell increases, each shape of four acoustic absorption coefficients closely agree with
the frequency band width and location of the corresponding infinite ACS. This result is consistent with the previous result
regarding the transmission functions behaviors in a frequency range of interest (Fig. 6). The close relationship of the
damped frequency band structure to the acoustic absorption behavior of the finite acoustic composite structure brings rise
to the conclusion that the finite acoustic composite structure can be designed for both a desired band structure (e.g.,
desired stop bands) as well as for efficient acoustic absorption using the techniques developed herein.

5. Conclusion

In conclusion, the wave propagation behavior in multi-periodic acoustic composite structures has been investigated
with the aim of predicting and controlling their dispersion behavior. Infinite and finite acoustic transfer matrix methods
have been illustrated which yield damped frequency band structure and associated acoustic absorption curves. Several
examples are numerically evaluated using four periodic porous media as basic building blocks. We have compared the
general shapes of acoustic absorption curves for the finite periodic cases with frequency band structures for the
corresponding infinite ones, and established a general guideline that five or more unit cells are needed to justify the use of
an infinite transfer matrix. Using mismatch and multiple layouts of constituent acoustic properties and thicknesses inside
arbitrary meso-scale unit cells, it is shown on the examples how the extents of pass- and stop-bands can be optimized to
some extent. We have also explored the close relationship between acoustic absorption and frequency band structure.
Follow-on work may consider systematically designing acoustic composite structures, using the analysis tools presented,
for use in acoustic waveguide and filter applications.
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